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Abstract 

We present non-trivial interactions of N = 1 self-dual massive vector multiplet in three- 
dimensions, with gauged scale covariance. Our multiplets are a vector multiplet (A^, A) and 
a gauge multiplet (B^, x), where the latter is used for the gauging of the scale covariance of 
the former. Due to the absence of supergravity, this system has no lagrangian formulation, 
but has only a set of field equations. The gauge multiplet can also have Dirac-Born-Infeld 
type interactions, even in the presence of the massive self-dual vector multiplet. As a by- 
product, we also show that scale covariant couplings are possible for scalar multiplet. We also 
try a mechanism of spontaneous breaking of scale covariance by introducing a superpotential 
for scalar multiplets. 
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1. Introduction 



The concept of Hodge self-duality was first formulated in even space-time dimensions. 
This is because if a field strength F of rank r is self-dual in D space-time dimensions, 
the relationship F = *F should hold, where the Hodge dual * F has the rank D — r. 
Then it follows that r = D — r =>- D = 2r, namely, D should be an even integer. 

However, we can generalize this concept of Hodge self-duality to odd dimensions, as was 
first shown in [1]. The generalized self-duality is dictated by the relationship mA = *F, 
where F is the field strength F = dA, where A is of rank r — 1, while m is a 
constant with the dimension of mass. Such a self-duality implies the condition r — 1 = 
D — r ==>- D — 2r — 1, namely, D is odd. Due to the obvious condition r — 1 > 0, the 
lowest odd dimension for such a self-duality is three-dimensions (3D). In 3D, a vector A was 
shown to be a massive vector with only one on-shell degree of freedom, even though this 
vector is massive [1] . This is because the original two on-shell degrees of freedom of massive 
vector A are halved by the self-duality condition mA = *F. In the original attempts in 
[1], such generalized self-duality was further supersymmetrized by the addition of a gaugino 
field A. The drawback of such a formulation is the difficulty to couple it to other multiplets, 
such as super gravity. 

Independent of these considerations, any development in supersymmetric theories in 3D 
has an additional advantage. This is because supersymmetry in 3D has potential application 
associated with M-theory [2], v ia super membranes [3]. Therefore any new development in 3D 
may have a potential impact on M-theory [2] via supermembranes [3], if not an immediate 
application for the time being. 

In this paper, we will show that such non-trivial interactions are indeed possible. This will 
be accomplished by the introduction of scale covariance of a massive vector multiplet (VM). 
Our scale covariance is different from the conventional dilatation [4], because it commutes 
with translations. It also differs from the dilatation in conformal supergravity [5], because 
our scaling weight is common to all the component fields within a given multiplet. 

We can couple the N — 1 self-dual massive VM to an additional gauge multiplet (GM) 
(B^ x) gauging the scale covariance of the former. We will formulate such a system both 
in component and superspace languages. As a by-product, we will also show that a similar 
gauging of scale invariance is possible for a scalar multiplet in 3D. We will also try to break 
scale covariance spontaneously by a superpotential. 

2 



2. Component Formulation 

We first give a component formulation of our system in the most standard notation. We 
have two multiplets: The VM (A^, X a ) and the GM (B^Xa)- These multiplets are subject 



to the supersymmetry transformation rule 

6 Q A li = +(e>y ll \)-m- 1 (eV li \) , (2.1a) 

6 Q X = +m(re)A li -^X) , (2.1b) 

5 Q B^+(e^x) , (2-lc) 

S Q X = mr u e)G^ , (2.1d) 

where our 3D metric is rj^ = diag. (— , +, +) with the space-time indices n, v, ■■■ = o, i, 2 or 
spinorial indices a, p, ■■■ = 1, 2, while the Clifford algebra is {7^, 7^} = +2i]^ u . Relevantly, 



we have e 012 = +1, 7^ = e^, 7"" = e^7 P , 7^ = -(l/2)e^ 7l , p . The above rule for 
the VM is the same as in [1] at the linear level. Our fermionic bilinears are defined by e.g., 
(e7 M A) = e a (7 M ) Q , /3 A /3 . The field strength G is = d^B u — d u B fl . The covariant derivative 
£> p is scale-covariant under the Abelian scale transformation 

k A v = + m ( A » , S C X = +m(X , 

8 C B ll = +d£ , 8 C G IU , = , 5 a = , (2.2) 

defined by 

V^Ay = d^A u - mB^A u , 

V^X = d^X — mB^X . (2.3) 

Eq. (2.2) is equivalent to the statement that the VM has unit scaling weight, while the GM 
has zero scaling weight. 

We repeat that our scale covariance is different from so-called dilatation [4] [5]. This is 
because our scale transformation commutes with translation, with scaling weights common 
within a given supermultiplet, as opposed to conventional supersymmetric theories [5]. 

The existence of the mass parameter m gives a natural reason to introduce such scale 
covariance, e.g., (2.2) vanishes upon m — > 0. The only caveat is that the m _1 -term in 
(2.1a) prevents such a limit. Sometimes it is useful to define the 'field strength' of A by 

T^^V^-VvA^ . (2.4) 
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Note, however, that there is no gauge covariance for A^, such as S a A^ = +d^a. Instead 
is covariant but not invariant under (2.2): 

Accordingly, this satisfies the Bianchi identity 

V^Fvp] = -mG^Afl . (2.6) 

As these covariant derivatives already show, there are nontrivial interactions between the 
two multiplets. Note that our system has no lagrangian, because we have no gravity, and 
therefore no dreibein that could compensate the scale of the lagrangian density. Instead, 



this system has only a set of field equations: 

mA^ - \e^F pa - |0ovA) = , (2.7a) 

mV^ + \me^G ( „A T - \m{x\) + |(X7^A)G^ + ±(Afa) = , (2.7b) 

pX- m \+ \WX)G, V + \m^ X )A, - \\(xx) = , (2.7c) 

d u G» u = , (2.7d) 

$X = , (2.7e) 



where the symbol = stands for a field equation, and (2.7b) is the necessary condition of 
(2.7a) as the divergence of the latter. Eq. (2.7a) has three terms, where the first two terms 
are for the usual massive self-duality in 3D [1], while the last term is for an interaction with 
the GM. If the GM is switched off, there is only the first term d^A^ in (2.7b) deleting 
one degree of freedom out of off-shell two degrees of freedom. When the interactions are 
switched on, there are three additional correction terms in (2.7b). As (2.7c) shows, the 
A -field is massive with one on-shell degree of freedom, balancing that of the massive self- 
dual vector A^ [1]. As has been mentioned earlier, the limit m — > is not smooth, due to 
the m _1 -term in (2.1a). This is also reflected in the interaction terms between the massive 
VM and GM with no m. 

The confirmation of the field equations (2.7) is not too difficult. There are two crucial 
steps in the confirmation. The first one is the closure of supersymmetry on A, where the 
necessity of the e^A-term in 5q\ is revealed. The addition of this term is also related 
to the necessity of the AG-term and x^-terms in the A-field equation (2.7c). The two 
bosonic field equations (2.7a,b) are obtained by applying a spinorial derivative on the A-field 
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(2.5) 



equation (2.7c). To be more explicit, applying 5q on (2.7c) yields 



p\ - m\ + \{Y V \)G, V + \m{^ X )A, - \\{xx) 
mA p -\e^T pu -\{xi^) 



—rwy^e 



+ £[{mP/ + \me^G pa A T - \m{x\) + \{x^ u ^)G,u + |(%)} 
- {^A - mA + i( 7 ^A)G M , + im( 7 "x)^ - |A&*)} 



(2.8) 



which shows nothing but the mutual consistency among (2.7a,b,c,e). Eq. (2.7b) is also 
confirmed by applying V p to (2.7a): 



mA^-\e^r pa -\{xi^)^ 

+ \me^ T G pa A T - \m{x\) + \{xT>)G^ + ±(Afa) 



4 X 



|>A - mA + ±( 7 ^A)G^ + >( 7 "x)^ - \\{xx) 



(2.9) 



consistently with (2.7c,e). 

In (2.7d,e) we have given free field equations for the GM as our simplest choice, because 
the consistency among field equations do not 'specify' any interactions on the r.h.s. of these 
equations. Such free field equations look rather strange at first glance, because the VM 
undergoes interactions with the GM. However, if there were interaction terms with any 
fields in the VM, there would arise a contradiction, because such terms would be no longer 
scale invariant, while the l.h.s. is invariant, because G pv and x are scale invariant as in 
(2.2). 

However, the GM can have its own self-interactions. In other words, there can be 
non-trivial self-interactions on the r.h.s. of (2.7d,e) without upsetting consistency with 
(2.7a,b,c). A good example is Dirac-Born-Infeld (DBI) type interactions [6] [7]. In such 
a case, eqs. (2.7a,b,c) are intact, while (2.7d,e) are respectively modified as 



d v G^ + \a l G^G^d v G pa - y(d p x)(duX)G u 

- \a\xi P d*x)&GW + \a\xd,d vX )G u + 0(a 4 ) = , 
H + Wx(d P xWx) - W( lp d aX )G pT G^ - \a\rx)G P „d p G^ + G(« 4 ) = 



(2.10a) 
(2.10b) 



where G M = (l/2)e fipa G pa . We also use the expression, e.g., {d p x){9^x) = (d/iX a )(c^Xa)) 
where the parentheses are used to restrict the operation of derivatives. The constant a has 



the dimension of m 1 . The purely bosonic terms in (2.10a) agree with the 0(a 2 ) -terms 
derived from the DBI-terms [6] [7] 



£dbi ~~ 



-a 



jXV 



lGl u + ±a\Gl u y + 0(a*) . (2.11) 
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The field equations in (2.10) transform to each other up to 0(a A ) under supersymmetry 
(2.1) which is not modified by a -corrections. In the confirmation of (2.10a) transforming 
into (2.10b) under supersymmetry, we can ignore any term at 0(a 2 ) that can vanish upon 
the use of the free field equations at O(a ). For example, a term a 2 e {dpX)l T {^X)Gr p is 
formally at 0(a 2 ) but can be dropped, because this term is regarded as 0(a 4 ) upon the 
X -field equation $x = ^(a 2 ) in (2.10b). 



3. Reformulation in Superspace 

We can reformulate our system in superspace that sometimes has advantages. In contrast 
to a usual massless VM, we introduce no superfield strength for our VM (A a , \ a ). 3 Instead, 
we introduce just the potential superfield A a and a spinor superfield X a . As for the GM 
(B a ,Xa), we have the superfield strength Gab as usual. The supercovariant and scale 
covariant derivative Va is defined by 

V A = D A -mB A S , (3.1a) 
[V A ,V B } = T AB c V c -mG AB S , (3.1b) 

where the supercovariant derivative D A is defined by 

D a = d a , D a = d a -( 1 b 9) a d b . (3.2) 

Here D A is the usual supercovariant derivative before gauging [8] , while S is the generator 
for scale covariance, acting as 

SA A = +A A , S\ a = +\ a , SG AB = , S Xa = . (3.3) 

The V a corresponds to the component covariant derivative D^. Accordingly, the G-Bianchi 
identities are 

V[ A G B c) — T[ab\ D G d \ C ) = . (3.4) 

3 Our notation in superspace is different from component ones. We use a, 6, ■■■ = o, l, 2 for the space-time 
vector indices, while a, [3, ■■■ = 1, 2 for spinorial indices. The antisymmetrization in superspace is such 
as S[ A Tb) = SaTb ± SbTa with no factor 1/2 in front. 
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Our superspace constraints consistent with our previous component results are 



T aP c = +2( 7 C W , (3.5a) 

T ab D = , T aP s = , T ab D = , (3.5b) 

Gab = +(7fc)a /3 A /3 = +(7 b A) Q , G a/3 = , (3.5c) 

V a \p = -mtfUAc - \C a p{x*) , (3.5d) 

V aX( 3 = - l 2 (l cd UG cd , (3.5e) 

where C a p is the antisymmetric charge conjugation matrix in 3D. Our field equation (2.7) 
in component can be recasted into superspace language as 

mA a - \e bc T bc - i(x7aA) = , (3.6a) 

mV a A a + \me abc G ab A c - \m{x\) + \(xi ab *)G ab + \{\fx) = , (3.6b) 

+f\ -m\ + \r b \G ab + |m( 7 a X ) A a - |A(xA) ] Q = , (3.6c) 

V b G ab = , (3.6d) 

(f X ) a = ■ (3.6e) 



Even though we used the notation J 7 , it stands just for T ab = V a A b — V b A a , but it has no 
corresponding Bianchi identity. This is because there is no actual gauge symmetry for the 
massive gauge field A starting with 5 a A a = V a a. 

The confirmation of these constraints and field equations goes as follows. As for the 
Bianchi identities (3.4), the procedure is the usual routine, starting with the dimension 
d — 1/2 going up to d — 2. However, since the potential superfield A A has no gauge 
invariance with no Bianchi identities, we have to confirm the commutator [Va, V ' b}A c up 
to d = 2. 

Corresponding to (2.10), we can introduce the DBI-type interactions [7] into the GM, 
replacing (3.6d,e). Eq. (2.10) is recasted into superspace form replacing (3.6d,e): 

V b G ba + \a 2 G ab G cd V b G cd - \a 2 {V a x)(V bX )G b 

- |« 2 (X7 c V,x)V d G ac + \a 2 {xVaV h x)G b + 0{a A ) = , (3.7a) 

fx + \a 2 x(V a x)(V a x) - \o?{^ d x)G cd G d e - \a 2 (Yx)G cd V a G cd + 0(a A ) = . (3.7b) 
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4. Application to a Scalar Multiplet 

The success of gauging scale covariance for a self-dual massive VM motivates us to apply 
the results to a scalar multiplet (SM) in 3D. This is based on the viewpoint that the massive 
VM is essentially equivalent to a SM with 1 + 1 on-shell degrees of freedom. 

In this section, we introduce two multiplets: The SM (A,ip a ,F) and a GM (B a ,Xa)- 
The former has 1 + 1 on-shell degrees of freedom, while 2 + 2 off-shell with the auxiliary 
field F. We formulate the system in terms of N — 1 superspace for simplicity. For the same 
reason for the previous self-dual massive VM, the system has no lagrangian formulation, but 
a set of field equations. 

As before, scale covariance will be gauged, so that the basic supercovariant derivative 
and G-Bianchi identities are the same as in (3.1) and (3.4). We introduce a real scalar 
superfield $ whose 9 sectors define the component fields as 

*\=A , V Q $|=^ Q , V 2 $|=F , (4.1) 

where the vertical bars stand for restrictions to the 9 = sectors, and V 2 = (l/2)V a V a as 
in [8]. We assign the unit scaling weight to our SM: 5$ = +$. As for the GM, the G-Bianchi 
identities are the same as (3.1) with the constraints (3.5a,b,c). The SM field equations are 
controlled only by a single superfield equation 

V 2 $ - //$ = , (4.2) 

where /i is a mass parameter generally distinct from m. Eq. (4.2) is equivalent to the set 
of component field equations 

V 2 a A - fxF + m\ a ip a = , (4.3a) 
- M« - m\ a A = , (4.3b) 
F — fiA = . (4.3c) 

The mutual consistency of equations in (4.3) can be confirmed by applying spinorial deriva- 
tives on each field equations, as usual [8]. 

Interestingly, in this process we realize that the GM field equations are not necessarily 
required to be the free field equations (3.6d,e). In other words, we can here again introduce 
non-trivial DBI-type self-interactions of the GM [6] [7]. In such a case, the field equations of 
X and B will be exactly the same as (3.7). Needless to say, we can have both a VM and 
a SM coupled to a GM at the same time. 
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5. Trial of Spontaneous Breaking of Scale Covariance 

In this section, we try a spontaneous breaking of scale covariance which is the next natural 
step to consider. For that purpose we need some superpotential to give nontrivial v.e.v.s 
to certain scalar fields. However, it is easily seen that just a single SM can not do the job, 
because any polynomial function of a SM automatically breaks the original scale covariance 
at the free-field level. 

To solve this problem, we introduce a pair of SMs represented by the real scalar superfields 
$ and $ . The trick here is to assign opposite scaling weights for these superfields: 

= S$ = , (5.1) 

so that the product carries zero scaling weight, allowing to form any polynomial 

functions for a superpotential. 

Based on this preliminary, our superfield equations will be 

V 2 $ + c$f ($$) = , (5.2a) 
V 2 $ +c$ /'($$) = , (5.2b) 
D p D a W p + cm(W„$ - $ V a $) = , (5.2c) 

where c and c are arbitrary nonzero real constants. The current conservation for scale 
transformation, i.e., the D a -operation on (5.2c) requires that the last terms in (5.2a,b) 
should have the common constant c. The real function /(£) of a real number £ is a priori 
arbitrary real function. However, for the system to be renormalizable, we choose it to be at 
most bilinear in £: 

f(Z) = f -rf+lg? , f'(t) = -iM + gt , f"(0 = +9 , (5-3) 

where / , // and g are arbitrary constants. All other algebras related to the GM are the 
same as in section three. 

We now analyze the component field equations of this system: 

F + cA(—fx + gAA) = , F + cA(—(j, + gAA) = , (5.4a) 

fx-m\A + cxf'(AA) + cgA( x A+xA) = , (5.4b) 

fx - m\A + cxf'(AA) + cgA{ X A + %A) = , (5.4c) 

V 2 a A + m(Xx)+c[Ff(AA)+gAAF + gA 2 F}+2cg[Ax 2 + A(xx)} =0 , (5.4d) 
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V 2 a A + m(Xx) + c [Pf(AA) + gAAF + gA 2 F] + 2cg[Ax 2 + A(xx)] = , (5.4e) 
W b F\ - \cm(AW a A - AV a A) - \cm(xiaX) = , (5.4f) 
+ \cm{Ax - A X ) = . (5.4g) 

We have omitted the spinorial indices for fermionic field equations (5.4b,c,g). 

We next study the possible spontaneous symmetry breaking. To this end, we first ignore 
all the fermionic fields and space-time derivatives in all the field equations. We next eliminate 
the F and F -fields, getting the algebraic field equations 

c 2 A{n-gAA)(p-ZgAA) = . (5.5) 

As usual in super symmetric models, the supersymmetric vacuum configuration with 
(F) = (F) — corresponds to the solutions 

(AA)=g- 1 f i , (F) = , (F) = . (5.6) 

Relevantly, we see that the B -field equation is 

V b F\ - cm 2 {AA)A a + O(0 2 ) = , (5.7) 

up to some interaction terms 0(4> 2 ). This means that the B -field acquires the mass Vdm, 
as desired for a breaking of scale covariance. 

The only drawback of this model is that the vacuum configuration (5.6) is not stable. In 
fact, the bosonic interaction terms of the A and A -field equations 

V 2 a A-c 2 A(fx- g AA)(fx-3gAA) = , (5.8a) 
V 2 a A-c 2 A{fi-gAA){fi-3gAA) = , (5.8b) 

are integrable to yield the bosonic potential 

V = +c 2 AA(/2- gAA) 2 . (5.9) 

This form seems 'almost' positive definite, but it is not actually because of the factor 
AA which can be negative. In other words, this system has a potential unbounded from 
below. This is also traced back to the combination of AA . 

We also mention the possibility with non-renormalizable interactions. In such a case, the 
potential in (5.9) might be positive definite, since more general factors, such as (AA) 2 in- 
stead of AA can be allowed. 
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In any case, despite the above unstable configuration, our result suggests other possibil- 
ities yet to be explored in the future, because breaking of scale covariance may become also 
important for applications associated with supermembrane physics in 3D [3]. 

6. Concluding Remarks 

In this paper, we have shown that the massive self-dual VM [1] with N = 1 super- 
symmetry in 3D can be coupled to a GM which gauges the scale covariance of the former. 
The existence of the mass parameter provides a natural reason to have a scale covariance 
of the massive multiplet. Our scale transformation differs from the conventional dilatation 
[4] in conformal supersymmetry [5]. As a by-product, we have also shown that similar scale 
covariant couplings are possible for a SM in 3D. We also tried a spontaneous breaking of 
scale covariance by introducing a superpotential. 

The result of this paper provides two important significances. First, the consistent cou- 
plings of massive self-dual VM [1] with a GM are shown to be possible. Second, there can 
be a scale covariance for the massive self-dual VM, and moreover it can be gauged by an 
additional GM consistently in superspace. To our knowledge, there has been no such a result 
in the past, in any dimensions with supersymmetry, not to be limited to 'self-dual' massive 
VM. 

It is interesting that even a singlet VM with no gauge index can acquire a scale covariance 
which can be gauged consistently in superspace. Since a similar massive VM exists also in 
9D with 8+8 degrees of freedom with N — 1 supersymmetry [9], it seems interesting to 
consider such couplings in 9D. The difference is that the massive VM is no longer self-dual 
as opposed to the 3D case [1] we have treated here. However, we easily see that the GM 
(B a ,x a ,f) in 9D [10], has an extra scalar ip that prevents similar couplings. This shows 
up first in the commutator {V a , V p}A c , because G a p ~ 5 a pip produces a term ipA c with 
no counter-term to cancel in the commutator. A similar situation exists in 5D for massive 
VM with 4 + 4 degrees of freedom, with a GM with 4 + 4. In this sense, 3D is very 
special, because both massive VM and GM have no extra scalar that would have prevented 
nontrivial couplings between these two multiplets. 

We have shown in a recent paper [11] that scale invariance may well be playing an 
important role even in the standard model in 4D. Here in the present paper, we have shown 
another important role played by scale covariance in 3D. Namely, a vector here can be 
covariant under scale transformations, while it is invariant in [11]. 
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The success of gauging scale covariance in 3D encourages us to investigate similar possi- 
bilities in higher-dimensions, even independent of the 'massiveness' of VMs. As a matter of 
fact, we have found that such a formulation is also possible in 10D [12]. We have found not 
only N — 1 supersymmetric scale covariance in 10D, but also N = 4 in 4D by dimensional 
reduction whose interactions have never been known before. 

We are grateful to W. Siegel for important discussions and reading the draft. This work 
is supported in part by NSF Grant # 0308246. 
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